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, Newton . 2 , Abhyankar [Abh89]
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$x,$ $u$ 3 Newton , ,
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, 3 Newton , Hensel
. 2 , Hensel SasAi








, 0 $K$ , $\overline{K}$ . $(u_{1}, \cdots, u_{\ell})$ (u), $(s_{1}, \cdots, s_{\ell})$
(s) . $K[x, u],$ $K\{x, u\},$ $K(u),$ $K\{(u)\}$ $K$ $x,$ $u$ ,
, , $\sum_{k=0}^{\infty}N_{k}(u)/D_{k}(u)$ ( , $N_{k}$ $D_{k}l\mathrm{h}u$ ,
$\mathrm{t}\deg(Nk)-\mathrm{t}\deg(D_{k})=k)$ .
$F(x, u)\in K[x, u]$ $\overline{K}\{x, u\}$ . Weier-
strass , - $x$ , $\overline{K}\{u\}[x]$
.
1( Hensel ) $F(x, u)=f_{d}(u)x^{d}+f_{d-1}(u)x^{d-1}+\cdots+f_{0}(u)x^{0}$
, $f_{d}(s)=0$ , $F(x, s)$ ( $F(x,$ $s)=0$ ) , (s)
Hensel . $\square$
(s) , $F(x, u)$ Hensel .
$F(x, s)$ $=$ $f_{d}(s)$ $(x-\alpha_{1})$ $\cdots$ $(x-\alpha a)$ , $\alpha:\neq\alpha_{j}(\forall i\neq j),$ $\alpha_{i}\in\overline{K}$
$\Downarrow$ $\Downarrow$ $\Downarrow$ $\Downarrow$
$F(x, u)$ $=$ $f_{d}(u)$ $(x-\phi_{1}(u))$ $(x-\phi_{d}(u))$ , $\phi_{:}(u)\in\overline{K}\{u\}$
.
(s) , 1., 2., 3. , Hensel Hensel
.
1. $F(x, s)=(x-\alpha)^{d},$ $\alpha\in\overline{K}$ , .
2. $f_{d}(s)\neq 0$ $F(x, s)$ .
$F(x, s)$ –K $fd(s),$ $G_{1}^{(0)}(x, s),$ $\cdots,$ $G_{r}^{(0)}(x, s)$ , Hensel
.
$F(x, s)$ $=$ $f_{d}(s)$ $G_{1}^{(0)}(x, s)$ $G_{r}^{(0)}(x, s)$
$F(x, u)\Downarrow$
$=$
$f_{d}(u)\Downarrow$ $G_{1}^{(\infty)}(x,u)\Downarrow$ $G_{r}^{(\infty)}(x, u)\Downarrow$
$G_{i}^{(0)}(x, s)=(x-\alpha:)^{m:},$ $G_{i}^{(\infty)}(x, u)=(x-\alpha_{i})^{m}:+\cdots\in\overline{K}\{u\}[x],$ $\max\{m_{1}, \cdots, m_{r}\}\geq 2$.
3. $f_{d}(s)=0$ .
$F(x, u)$ Newton $\overline{K}[x, u]$ , Hensel
$F(x, u)$ . Hensel , Newton ,
, [SIOO] , Newton
. , $F(x, u)$ Newton , ,
, Newton .
$\tilde{F}(x, u)$ . $\tilde{F}(x, u)$ Newton $\tilde{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}$ $\overline{K}[x, u]$ $\overline{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}=\tilde{G}_{1}^{(0)}\cdots\tilde{G}_{r}^{(0)}$ (
, $r\geq 2$ $i\neq j$ $\mathrm{g}\mathrm{c}\mathrm{d}(\tilde{G}_{i},\tilde{G}_{j})=1)$ ,
Hensel .









, , Hensel $G_{i}(x, s)=(x-\alpha)^{m_{i}}$
. $G_{i}(x, s)=(x-\alpha)^{m_{i}}$ $G_{i}(x, s)=x^{m_{i}}$ , , ,
$F(x, 0)=x^{m}$ $F(x, u)$ . .
Hensel , , .
1 $F(x, u)=x^{4}-2x^{2}u^{3}+u^{6}-u^{7}$ .
$F(x, 0)=x^{4}$ , .
$F(x, u)=(x^{2}-u^{3}+xu^{2}+ \frac{1}{2}u^{4}+\frac{1}{8}xu^{3}+\frac{1}{8}u^{5}+\cdots)(x^{2}-u^{3}-xu^{2}+\frac{1}{2}u^{4}-\frac{1}{8}xu^{3}+\frac{1}{8}u^{5}-\cdots)$.
, $F(x, u)$ Newton $(x^{2}-u^{3})^{2}$ , $\overline{K}\{u\}[x]$
, Hensel .
, . ,
, $F(x, u)$ Newton
.
3Newton
2([SIOO]) $F(x, u)\in K[x, u]$ $x$ . $F(x, u)$ Newton
$F_{\mathrm{N}\mathrm{e}\mathrm{w}}$ $\overline{K}[x, u]$ ($r\geq 2$ ).
$F_{\mathrm{N}\mathrm{e}\mathrm{w}}=F_{1}^{(0)}(x, u)\cdots F_{r}^{(0)}(x, u)$,
$\mathrm{g}\mathrm{c}\mathrm{d}(F_{*}^{(0)}., F_{j}^{(0)})=1$ $(\forall i\neq j)$ .
, $k$ , $S_{k+1}$ $k=0\Rightarrow 1\Rightarrow 2\Rightarrow\cdots$
, $F_{i}^{(k)}(x, u)\in K(u)[x](i=1,$ $\cdots$ \mapsto .
$F(x, u)\equiv F_{1}^{(k)}(x, u)\cdots F_{r}^{(k)}(x, u)$ $(\mathrm{m}\mathrm{o}\mathrm{d} S_{k+1})$ ,
$F_{\dot{l}}^{(k)}(x, u)\equiv F_{i}^{(0)}(x, u)$
$(\mathrm{m}\mathrm{o}\mathrm{d} S_{1})$ $(i=1, \cdots, r)$ .
$\square$
$F_{\dot{l}}^{(\infty)}$ , $x$ , . ,
.
3([SIOO]) $F_{1}^{(k)}$. $x^{e_{\approx}}$ $N/D$ . , $N$ $D$ u
tdeg(N)-tdeg(D) $\geq 0$ . , $F_{\dot{l}}^{(\infty)}\in\overline{K}\{(u)\}[x]$ .
( ) 2 , , Hensel $F_{i}^{(k)}(x, u)$
$x$ $u$ : $F_{\dot{l}}^{(\infty)}(x, u)\in\overline{K}\{u\}[x](i=1, \cdots, r)$ . , $F_{*}^{(0)}.(x, u)$ $x$ 1
, $F_{i}^{(\infty)}(x, u)$ .
Hensel , 5 .
, $G^{(0)}(x, u),$ $H^{(0)}(x, u)$ 2 .
$F_{\mathrm{N}\mathrm{e}\mathrm{w}}$ $=$ $G^{(0)}(x, u)H^{(0)}(x, u)$ ,
$G^{(0)}$ $=$ $g_{n}x^{n}+\cdots+g_{0}x^{0}$ ,
$H^{(0)}$ $=$ $h_{m}x^{m}+\cdots+h_{0}x^{0}$ , $d=n+m$.
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4(integral rational Hensel ) Hensel $F_{i}^{(k)}(x, u)$
, integral , rational .
5([SIOO]) Hensel $G^{(\infty)},$ $H^{(\infty)}$ rational ,
$\mathrm{r}\mathrm{e}\mathrm{s}(G^{(0)}, H^{(0)}),g_{n},$ $h_{m}$ , . , $H^{(0)}=x^{m}$ , $G^{(0)}$ $H^{(0)}$
go .
, Hensel , . ,
Hensel .
6([SIOO]) . integral rational Hensel
integral , ( ,
) rationml Hensel integral $\mathrm{A}\mathrm{a}$ .
, Hensel , .
1. , Newton Hensel ,
Hensel , .
2. , Newton Hensel ,
Hensel , .
4Newton
Newton , 3 , Hensel $\overline{K}\{(u)\}[x]$
, . . 2 , Hensel
, 2 . 2 , Hensel 3
.
4.1 2
$F(x, u)$ , Hensel .
Newton $\hat{\delta}/\hat{d}$ $(\mathrm{g}\mathrm{c}\mathrm{d}(\hat{d},\hat{\delta})=1)$ , Newton $F_{\mathrm{N}\mathrm{e}\mathrm{w}}$
. $9\in-\overline{K}$ , Newton $m_{i}\geq 2$ .
$F_{\mathrm{N}\mathrm{e}\mathrm{w}}$ $=$ $x^{n_{0}}$ $(x^{\hat{d}}-c_{1}u^{\delta})$ . . . $(x^{\hat{d}}-c_{r}u^{\hat{\delta}})$ $(x^{\hat{d}}-c_{\mathrm{r}+1}u^{\hat{\delta}})^{m_{1}}$ . . . $(x^{\hat{d}}-c_{\mathrm{r}+r’}u^{\hat{\delta}})^{m_{r’}}$
$F(x,u)\mathrm{H}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{e}1$
$\Downarrow=$
$F_{0}^{(\infty)}\downarrow$ $F_{1}^{(\infty)}\downarrow$ $F_{r}^{(\infty)}\downarrow$ $F_{r+1}^{(\infty)}\downarrow$ $F_{r+r}^{(\infty)}\downarrow$
,
, .









Abhyankar [Abh89] [Abh90] , Newton $x^{\hat{d}}-cu^{\hat{\delta}}$
$G_{1}$ , $F(x, u)$ $G_{1}$ ,
. $F(x, u)$ , ,
[Abh90] [Ku089] $[\mathrm{M}\mathrm{c}\mathrm{C}97]$ .
2( )
$F(x, u)=(x^{2}-u^{3})^{2}-u^{7}\in K[x, u]$ .
Newton $F_{\mathrm{N}\mathrm{e}\mathrm{w}}=(x^{2}-u^{3})^{2}$ $\overline{K}[x,$ \rightarrow . , ,
, , weight .
$G_{-1}:=u$ , $G_{0}:=x$ , $G_{1}:=x^{2}-u^{3}$
weight 1 $\underline{3}$. $\frac{7}{\mathrm{Q}}$2 2
weight $w(G_{-1})$ 1 , , $x^{2}-u^{3}$ $G_{0}^{2}-G_{-1}^{3}$ weight
$w(G_{0})$ $\frac{3}{2}$ , $(x^{2}-u^{3})^{2}-u^{7}$ $G_{1}^{2}-G_{-1}^{7}$ weight
$w(G_{1})$ $\frac{7}{2}$ .
$F(x, u)$ $G_{1},$ $G_{0},$ $G_{-1}$ $F(x, u)=G_{1}^{2}-G_{-1}^{7}$ , , $G_{1}$ ,
weight $G_{-1},$ $G_{0}$ 2 , Newton
$\mathrm{w}\mathrm{G}_{1}$
$F_{\mathrm{N}\mathrm{e}\mathrm{w}\mathrm{G}_{1}}=G_{1}^{2}-G_{-1}^{7}$ . , $-G_{-1}^{7}$ $G_{1}^{2}$ ,
, $-G_{-1}^{7}$ weight . ,
$\mathrm{E}\ovalbox{\tt\small REJECT} \mathrm{E}\mathrm{E}^{\wedge}kffl \mathrm{V}\backslash \gamma\sim$. $\mathrm{F}\Re$ $-G_{-1}^{7}$ $=$ $G_{-1}^{4}G_{1}$ $G_{-1}^{4}G_{0}^{2}$$–$$( -u^{7} = u^{4}(x^{2}-u^{3}) u^{4}x^{2} )$
fi$fl\sigma$) weight
7 7.5 7
$(1\cross 7)$ $(1 \cross 4+\frac{7}{2} \mathrm{x} 1)$ $(1 \mathrm{x} 4+\frac{3}{2} \cross 2)$
, $-G_{-1}^{7}$ $G_{-1}^{4}G_{0}^{2}$ .





$F\sim \text{ }=(x^{\hat{d}}-\mathrm{c}_{\mathrm{r}+i}u^{\hat{\delta}})^{m}:+\Delta F_{r+\dot{\iota}}^{(1)}+\Delta F_{r+\dot{\iota}}^{(2)}+\cdots(i=1, \cdots, r’)$ ,
$F=(x^{\hat{d}}-cu^{\hat{\delta}})^{m}+\Delta F^{(1)}+\Delta F^{(2)}+\cdots$ . Newton FN $\mathrm{w}$ ,
$F_{\mathrm{N}\mathrm{e}\mathrm{w}}=(x^{\hat{d}}-cu^{\hat{\delta}})^{m}= \prod_{\dot{*}=1}^{\hat{d}}(x-c^{1/\hat{d}}e^{2i\pi \mathrm{i}/\hat{d}}u^{\hat{\delta}/\hat{d}})^{m},$ $\mathrm{i}=\sqrt{-1}$.
, $\hat{d}$ Hensel .




$\mathrm{R}_{\hat{d}}$ : $G(x, u^{1/\hat{d}})\mapsto G(x, e^{2\pi \mathrm{i}/\hat{d}}u^{1/\hat{d}})$ ,
$G_{i}(x, u^{1/\hat{d}})=\mathrm{R}_{\hat{d}}^{i}\cdot G_{0}(x, u^{1/\hat{d}})=G_{0}(x, e^{2i\pi \mathrm{i}/\hat{d}}u^{1/\hat{d}}),$ $i=1,$ $\cdots,\hat{d}$ .
, $G_{1},$ $\cdots,$ $G_{\hat{d}}$ ( $G_{0},$ $\cdots,$ $G_{\hat{d}-1}$ ) $\mathrm{R}_{\hat{d}}$ .









$G_{\hat{d}}^{(\infty)}(x, u)$ Rd^ .
, $G_{i}^{(\infty)}(i=1, \cdots,\hat{d})$ . 1, , $G_{1}^{(\infty)}$. Newton





$T_{x}$ : $G(x, u)\mapsto H(x, u):=G(x-gm-1(u)/m, u)$ .
$G!^{\infty)}(x, u)$ , $H_{1}.(x, u):=T_{x}\cdot G_{\dot{l}}^{(\infty)}$ .
$\{$
$G_{i}^{(\infty)}(x, u):=x^{m}+g_{i,m-1}(u)x^{m-1}+\cdots+g:,\mathrm{o}(u)\in\overline{K}\{u^{1/\hat{d}}\}[x]$ ,
$H_{i}(x,u):=T_{x}\cdot G_{i}^{(\infty)}(x, u)=G_{i}^{(\infty)}(x-g:,m-1(u)/m,$ $u)$ $(i=1, \cdots,\hat{d})$ .
, $G_{i}^{(\infty)}\equiv G_{\dot{l}}^{(0)}=(x-\zeta\dot{.}u^{\hat{\delta}/\hat{d}})^{m}(\mathrm{m}\mathrm{o}\mathrm{d} S_{1}),$ $g_{\dot{\iota},m-1}(u)x^{m-1}\equiv-m\zeta_{1}.u^{\hat{\delta}/\hat{d}}x^{m-1}(\mathrm{m}\mathrm{o}\mathrm{d} S_{1})$ ,
$H.\cdot(x, u)\equiv x^{m}(\mathrm{m}\mathrm{o}\mathrm{d} S_{1})$ . , $H_{i}$ [ Newton , $F(x, u)$ (
. , $H_{i}$ Newton $H_{\dot{\iota}\mathrm{N}\mathrm{e}\mathrm{w}}(x, u)=(x-cu)^{m}$
, . , $H_{i}$ Newton
$\overline{K}[x, u^{1/\hat{d}}]$ . $F(x, u)$ .
$H_{i_{\mathrm{N}\cdot \mathrm{w}}}=H_{i1}^{(0)}(x, u)\cdots H_{1\lambda}^{(0)}.(x, u)$ $(i=1, \cdots,\hat{d})$ ,
$H_{1j}^{(0)}.(x, u)\in\overline{K}[x, u^{1/\hat{d}}]$ $(i=1, \cdots,\hat{d};j=1, \cdots, \lambda)$ .
Hensel .




1. $\overline{K}[x, u^{1/\hat{d}}]$ Hensel
$F_{\mathrm{N}\mathrm{e}\mathrm{w}}=$ $(x^{\hat{d}}- cu^{\hat{\delta}})^{m}=$ $(x-\zeta_{1}u^{\hat{\delta}/\hat{d}})^{m}$ $(x-\zeta_{\hat{d}}u^{\hat{\delta}/\hat{d}})^{m}$ , $\zeta_{i}=c^{1/\hat{d}}e^{2i\pi \mathrm{i}/\hat{d}}$
$=$ $G_{1}^{(0)}(x, u)$ $G_{\hat{d}}^{(0)}(x, u)$
$\mathrm{H}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{f}\mathrm{f}\mathrm{l}\text{ }F(x, u)=$ $G_{1}^{(\infty)}(x, u)\Downarrow$
$G_{\hat{d}}^{(\infty)}(x, u)\Downarrow$
2. $T_{x}$ , Hensel
HiNew –K$[x, u^{1/\hat{d}}]$ ( ) , Hensel
$\downarrow$
$G_{1}^{(\infty)}(x, u)$ $=$ $x^{m}+g_{1,m-1}(u)x^{m-1}+\cdots+g_{1,0}(u)$ $arrow$ $H_{1}(x, u)$ $=$ $H_{11}$ $H_{1\lambda}$..$\cdot$ ..$\cdot$ ..$\cdot$ $T_{x}$ .$\cdot$. .$\cdot$. ... .$\cdot$. .$\cdot$.
$G_{\hat{d}}^{(\infty)}(x, u)$ $=$ $x^{m}+g_{\hat{d},m-1}(u)x^{m-1}+\cdots+g_{\hat{d},0}(u)$ $arrow$ $H_{\dot{d}}(x, u)$ $=$ $H_{\hat{d}1}$ $I_{\hat{d}\lambda}$
3.
$G_{1}^{(\infty)}$ $=$ $[T_{x}^{-1}\cdot H_{1}(x, u)]$ $=$
.$\cdot$
. .$\cdot$. .$\cdot$. ..$\cdot$
$G_{\hat{d}}^{(\infty)}$ $=$ $[T_{x}^{-1}\cdot H_{\hat{d}}(x, u)]$ $=$
$F(x, u)$ $=$
, $\hat{G}_{j}=\prod_{i=1}^{\hat{d}}[T_{x}^{-1}\cdot H_{\dot{l}j}](j=1, \cdots, \lambda)$ .
4.2 3
$F(x, u)$ , $t$ , Hen
. 2 , Newton . ,
$m_{i}\geq 2$ , $h_{j}$ $\hat{\delta}$ $u$ .







$F_{0}^{(\infty)}(x, t, u)$ : , Hensel .. $F_{1}^{(\infty)}(x, t, u),$ $\cdots,$ $F_{r}^{(\infty)}(x, t, u):\overline{K}\{(u)\}[x, t]$ .. $F_{r+1}^{(\infty)}(x, t, u),$ $\cdots,$ $F_{r+r}^{(\infty)},(x, t, u):\overline{K}\{(u)\}[x,t]$ , [ ,
$T_{x}$ Hen .
, Fr(+\infty l. $(x, t, u)=(x^{\hat{d}}- t^{\mathit{8}}h_{r+j}(u))^{m_{l}}+\cdots$ $F=(x^{\hat{d}}- t^{\hat{\delta}}h(u))^{m}+\cdots$
. , Newton $F_{\mathrm{N}\mathrm{e}\mathrm{w}}=(x^{\hat{d}}-t^{\hat{\delta}}h(u))^{m}$




1. $\overline{K}(u)(\theta_{1}, \cdots, \theta_{\hat{d}})[x, t^{1/\hat{d}}]$ Hensel
$F_{\mathrm{N}\mathrm{e}\mathrm{w}}=(x^{\hat{d}}-t^{\hat{\delta}}h(u))^{m}=$ ($x$ -t6/d\mbox{\boldmath $\theta$} m $\ldots$ $(x-t^{\hat{\delta}/\hat{d}}\theta_{\hat{d}})^{m}$






$F(x, u)=$ . . . $G_{\wedge}^{(\infty)}$
$G_{\dot{l}}^{(\infty)}$
$\theta_{1},$ $\cdots$ , \mbox{\boldmath $\theta$}d^ \mbox{\boldmath $\theta$}: * .
2. $T_{x}$ , Hensel
H:Now –K(t&)(\mbox{\boldmath $\theta$} $[x, t^{1/\hat{d}}]$ ( ) , Hensel
$\downarrow$
$G_{1}^{(\infty)}$ $=$ $x^{m}+g1,m-1(u)x^{m-1}+\cdots+g_{1},\mathrm{o}(u)$ $arrow$ $H_{1}$ $=$ $H_{11}$ $H_{1\lambda}$
.$\cdot$. .$\cdot$. .
$\cdot$. $T_{x}$ .$\cdot$. $\cdot$.$\cdot$ ..$\cdot$ ..$\cdot$ .$\cdot$.
$G_{\dot{d}}^{(\infty)}$ $=$ $x^{m}+g_{\hat{d},m-1}(u)x^{m-1}+\cdots+g_{\hat{d},0}(u)$ $arrow$ $H_{\hat{d}}$ $=$ $H_{\hat{d}1}$ $H_{\hat{d}\lambda}$
3. G( ) $=$ $[T_{x}^{-1}\cdot H_{1}]$
.$\cdot$. ... ...
$G_{\dot{d}}^{(\infty)}$ $=$ $[T_{x}^{-1}\cdot H_{\hat{d}}]$
$F(x, u)$
, $\hat{G}_{j}--\cdot\prod_{-=1}^{\hat{d}}[T_{x}^{-1}\cdot H_{1j}.](j=1, \cdots, \lambda)$ .
, $\overline{K}\{(u)\}[x, t]$ $\hat{G}_{1},$ $\cdots,\hat{G}_{\hat{d}}$ , Hensel
.
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